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2.6.1Translations of Graphs /

Your notes
Translations of Graphs
What are translations of graphs?

= Whenyou alterafunctionin certain ways, the effects on the graph of the function can be described by
geometrical transformations
= Foratranslation:
= the graphis moved (up ordown, left orright)in the xy plane
= |tspositionchanges
= theshape, size, and orientation of the graph remain unchanged

X
u Aparticulartranslation(howfarleft/right,howfarup/down)isspeciﬁedbyatranslationvector( ):

= xisthe horizontal displacement
= Positive movesright
= Negative moves left
= yisthe vertical displacement
= Positive movesup
= Negative moves down
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Your notes

#save myexams

What effects do horizontal translations have on the graphs and functions?

a
= Ahorizontal translation of the graph Y = f(X) by the vector ( 0 ) is represented by

- y=flx—a)
= The x-coordinates change
= Thevalue ais subtracted from them
= They-coordinates stay the same
= Thecoordinates (X, y) become (X + a, _y)
= Horizontal asymptotes stay the same
= Vertical asymptotes change

» X=kbecomesx=k+ a
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What effects do vertical translations have on the graphs and functions? /

0 Your notes
Avertical translation of the graph Y = f(X) by the vector b isrepresented by

- y—b=1(x)

= Thisis oftenrearrangedto Yy = f(X) +b
= The x-coordinates stay the same
= The y-coordinates change

= Thevalue bisaddedtothem
= Thecoordinates (X, y) become (X, y+ b)
= Horizontal asymptotes change

» y=kbecomes y=k+b

= Vertical asymptotes stay the same
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O Examiner Tip /

: . . Your notes
= To get fullmarksin an exam make sure you use correct mathematical terminology

2

= Forexample: Translate by the vector
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@ Worked example ,

Your notes
The diagram below shows the graphof y = f(X)

i
¥

A(—1.5)

O 2

B (3. —3)

a) Sketchthe graphof y = f(X + 3).
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5:{(3@ +k)  translation Bﬁ (-;)

Translafe ‘d:)[(l) bS (-g) 433
A becomes (-, 5) A(4,5)
B becomu (0, ‘3)

Sketchthe graphof y = f(X) +3.

5:{(x)+k translation 55 (2)

Translate td=j;(1) by (3)
A BELomes (“. ) )
B becomes (3%0)

AI {'| |8]

8(3,0)
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2.6.2 Reflections of Graphs

Reflections of Graphs

What are reflections of graphs?

= Whenyou alterafunctionin certain ways, the effects on the graph of the function can be described by
geometrical transformations
= Forareflection:
= the graphis flipped about one of the coordinate axes
= |tsorientationchanges
= thesize of the graph remains unchanged
= Aparticularreflectionis specified by an axis of symmetry:

] y= 0
= Thisisthe x-axis
« x=0

= Thisis the y-axis

A A

4 \WVAR W 4
C

#Fsavemyexams

What effects do horizontal reflections have on the graphs and functions?

= Ahorizontalreflection of the graph y = ﬂx) about the y-axisis represented by
- y=f(-x)

= The x-coordinates change
= Theirsignchanges

= They-coordinates stay the same

= Thecoordinates (X, y) become ( - X, y)

= Horizontal asymptotes stay the same

= Vertical asymptotes change
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» X=KkbecomesX= —Kk ,
Your notes
IN
y="F(x)
0 A X
(2,-3)
IN
y=f(—x)
REFLECTION IN
THE y-AXIS
(-4,0 (0,0) -
“x
x—COORDINATES CHANGE, o POINTS ON THE
y —COORDINATES STAY ¢ y—AXIS ARE
THE SAME UNAFFECTED
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What effects do vertical reflections have on the graphs and functions? /

= Averticalreflection of the graph y = f(X) about the x-axis is represented by Your notes
- —y=f(x)
= Thisisoftenrearrangedto Yy = — f(X)
= The x-coordinates stay the same
= The y-coordinates change
= Theirsignchanges
= Thecoordinates (X, y) become (X, - y)
= Horizontal asymptotes change
= Y= k becomes y=- k

= Vertical asymptotes stay the same
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IN
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0 4 }E‘
(2,-3)
, y—COORDINATES CHANGE,
A x—COORDINATES STAY
THE SAME
(2,3)
(0,0) (4,0)

POINTS ON THE
x—AXIS ARE
UNAFFECTED

y=—TF(x)
REFLECTION IN
THE x-AXIS
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@ Worked example ,

Your notes
The diagram below shows the graphof y = f(X)

i
¥

A(—1.5)

O i

B(3, —3)

a) Sketchthe graphof y = — f(X)
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3 1((13 reflection in x-axis ,

Your notes

A BELomes (“.‘5) A '
B beomes (3,3) )

A 1,-5)

o) Sketchthe graphof Yy = f( - X).
Y= ’r(‘l) reFlection in Y-oxis

A becomes (1, 5)
B bEtomes (‘3.‘3)

AMS)
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2.6.3 Stretches Graphs 4
Your notes

Stretches of Graphs
What are stretches of graphs?

= Whenyou alterafunctionin certain ways, the effects on the graph of the function can be described by
geometrical transformations
= Forastretch:
= the graphisstretched about one of the coordinate axes by a scale factor
= |tssize changes
= the orientation of the graph remains unchanged
= Aparticularstretchis specified by a coordinate axis and a scale factor:
= Thedistance between a point on the graph and the specified coordinate axis is multiplied by the
constant scale factor
= The graphis stretchedinthe direction which is parallel to the other coordinate axis
= Forscale factors biggerthanl
= the points on the graph get further away from the specified coordinate axis
= ForscalefactorsbetweenOand]1
= the points onthe graph get closer to the specified coordinate axis
= Thisisalso sometimes called a compression but in your exam you must use the term stretch
with the appropriate scale factor

A IN

#Fsavemyexams

What effects do horizontal stretches have on the graphs and functions?

= Ahorizontal stretch of the graph y = f(X) by a scale factor g centred about the y-axisis
represented by
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cy=eX) 4

\q)/ Your notes
The x-coordinates change

= Theyaredividedbyq
The y-coordinates stay the same
The coordinates (X, y) become (qX, y)
Horizontal asymptotes stay the same
Vertical asymptotes change

» X = Kkbecomes X = qk
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What effects do vertical stretches have on the graphs and functions? /
= Avertical stretch of the graph Yy = f(X) by a scale factor p centred about the x-axis is represented Your notes
by
Y
- —=1(x)
p

= Thisis oftenrearrangedto Y = pf(X)
= The x-coordinates stay the same
= They-coordinates change

= They are multiplied by p

= Thecoordinates (X, y) become (X, py)
= Horizontal asymptotes change

= Y= k becomes y=pk

= Vertical asymptotes stay the same
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SCALE FACTOR §
y=%f(x)
0,0
0 4,0 >><
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O Examiner Tip /

: . . Your notes
= To get fullmarksin an exam make sure you use correct mathematical terminology

= Forexample: Stretch vertically by scale factor 2
= Do notusetheword"compress"inyourexam
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@ Worked example ,

Your notes
The diagram below shows the graphof y = f(X)

i
¥

A(—1.5)

O 2

B (3. —3)

a) Sketchthe graphof y = 2f(X).
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y=kfx) vertial stelth swle facr k /

Your notes
Steetch 34(1) verfito.“g A (+),10) 49
swle factor 2

A becomcs (‘\,IU)
B bE(omes (3.‘(0)

~Y

8(3,-6)

b) Sketchthe graphof Yy = f(ZX).

‘J‘Hkx) horizotal  ghreteh  scale fackor Lk

Sﬁ-ehj\ H=F(1)‘hor‘|zon1‘a“5 A’(_*ils)"'ﬁ
Stle factor Ey

A becomes ('%.5) -

B bE(.DmBS (% 1-3)
8(3.-3)
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2.6.4 Composite Transformations of Graphs 4

Your notes
Composite Transformations of Graphs

What transformations do | need to know?

-k
y= f(X + k) is horizontal translation by vector

\ 0 )

= |f kis positive then the graph moves left
= [f kis negative then the graph moves right

0
= Y= f(X) + K is vertical translation by vector i
= [fkis positive thenthe graph movesup
= [fkis negative then the graph moves down

1

= Y= f(kX) is a horizontal stretch by scale factor 5~ centred about the y-axis

k

= |f k> 1thenthe graph getscloserto the y-axis
= |f 0 <k <1thenthe graph gets further from the y-axis
= Y= kf(X) is a vertical stretch by scale factor K centred about the x-axis
= |f k> 1thenthe graph gets further from the x-axis
= |f 0 <k <1thenthe graph gets closerto the x-axis

= Y= f( - X) is a horizontal reflection about the y-axis
= Ahorizontal reflection can be viewed as a special case of a horizontal stretch

= Y= - l‘(X) is a vertical reflection about the x-axis
= Averticalreflection canbe viewed as a special case of a vertical stretch

How do horizontal and vertical transformations affect each other?

= Horizontal and vertical transformations are independent of each other
= The horizontal transformations involved willneed to be appliedin their correct order
= The vertical transformations involved willneed to be appliedin their correct order
= Suppose there are two horizontal transformation Hythen Hz and two vertical transformations Vythen
Vzthenthey can be appliedin the following orders:
= Horizontal then vertical:
= H1H2V1V2
= Vertical then horizontal:
= ViVaHiHo
= Mixed up (provided that H comes before H; and V; comes before V2):
= HiViH2 Vo
= HiViVoH2
= ViHiVaH,
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» ViHiH2 V2 /

Your notes
O Examiner Tip

= |[nanexamyou are more likely to get the correct solution if you deal with one transformation at a
time and sketch the graph after each transformation
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@ Worked example ,

Your notes
The diagram below shows the graphof y = f(X)

i
¥

A(—1.5)

O 2

B(3. —3)

Sketchthe graphof y= — f(
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A ieﬁim‘ aﬂd homonfal 1‘ran31£0rmahon an be done ,
\ Your notes
in (lmé order

y: IT’C(J') © vertical strefch  scale fachr L)_
y:F(Z) » horientol drelch scale fachr 2

A Becomes (‘2.57.)
-3
2

B bl’.(omes (6. ) ﬂ.(.z'%)

B'6,-3)
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Composite Vertical Transformations af(x)+b /
How do | deal with multiple vertical transformations? Your notes

= Order matters when you have more than one vertical transformations
= |f you are asked to find the equation then build up the equation by looking at the transformationsin
order

0

= Avertical stretch by scale factor a followed by a translation of

= Stretch: y= af(x)
» Thentranslation: y = [af(x)] +b
» Finalequation: Y = af(x) +b

0

= Atranslation of b followed by a vertical stretch by scale factora

= Translation: y = f(X) +b
= Thenstretch: Y= 3[f(X) +b]
» Finalequation: Y = af(x) + ab
= |f you are asked to determine the order
= The order of vertical transformations follows the order of operations

= Firstwrite the equationinthe form y = al‘(X) +b
= First stretch vertically by scale factora
= |faisnegative thenthereflection and stretch can be donein any order

0
= Thentranslate by { )
\b)
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@ Worked example ,

Your notes
The diagram below shows the graphof y = f(X)

i
¥

A(—1.5)

O 2

B (3. —3)

Sketchthe graphof Yy = 3f(X) -2
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Tlf\e order vertical transformations Fo"ows the order /

Ovc opemﬂong Your notes
Y* 3H=): Vertical stretch sale factor 3

ys f(x)-2: Translate (%)

A becomes ("I[ |3)
B beomes (3,~I1)

A=1,13) 19

B'3,-1)
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Composite Horizontal Transformations f(ax+b) /
How do | deal with multiple horizontal transformations? Your notes

=  Order matters when you have more than one horizontal transformations
= |f you are asked to find the equation then build up the equation by looking at the transformationsin
order

1 -b

= Ahorizontal stretch by scale factor — followed by a translation of
a

= Stretch: y= f(ax)
» Thentranslation: y = f(a(x + b))
» Finalequation: Y = f(ax + ab)
-b 1

= Atranslation of 0 followed by a horizontal stretch by scale factor Z

= Translation: y = f(X + b)
= Thenstretch: Y= f((aX) + b)
» Finalequation: Y = f(ax + b)
= |f you are asked to determine the order
= Firstwrite the equationintheform y = f(aX + b)
= The order of horizontal transformations is the reverse of the order of operations

-b
0

= First translate by

1

= Thenstretch by scale factor Z

= |faisnegative thenthereflection and stretch can be donein any order
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@ Worked example ,

Your notes
The diagram below shows the graphof y = f(X)

i
¥

A(—1.5)

O 2

B (3. —3)

Sketchthe graphof Yy = f(2X - 1).
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The order of horizoatal Transformations is the /
Your notes
reverse of the order of operaﬁons

y: f(x-1): Translate ()
lj :-‘:.(21.)-' Ho(‘\?_on’*a\ 5+r3+(h ‘5(-0"8 Fﬂdor %.

A bELomes (0,5) AY
B beomes (2,-3) A(0,5)

B'(2,-3)
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